In this paper we study the one-dimensional on-line bin packing problem. A list of pieces, each of size between zero and unity are to be packed, in order of their arrival, into a minimum number of unit-capacity bins. We present a new linear-time algorithm, the Modified Harmonic Algorithm, and show that it has an asymptotic worst-case performance ratio less that ^+ 1 + 1 =1.61(561)* The analysis of the algorithm's performance involves a novel use of weighting functions.
Introduction
Let L = (plf p2, ...» pK) be a list of pieces with sizes in the interval (0, l|. The one-dimensional bin packing problem is to pack the pieces into a minimum number of bins in such a way that the sum of the piece sizes in each bin is at most one. As this problem is known to be NP-complete [GJ79, K72], much work has been done in the study of approximation algorithms; a survey of these results is given in (CGJ83).
For any (heuristic) bin packing algorithm A, let A(L) denote the number of bins used by algorithm
A in packing list L, and let OPT(L) denote the minimum (optimum) number of bins required to pack list L . We are concerned with the asymptotic worst-case performance ratio Ra = lim max ) .
*-*oo OPT(L)-» OPT(L )
Thus, we would like to construct an algorithm A which has a performance ratio close to one. Intuitively, we want an algorithm that minimizes, for large lists, the worst-case percentage of excess bins used com pared to an optimal packing.
In this paper we concern ourselves with algorithms for which the pieces in list L are available one at a time, and each piece must be packed in some bin before the next piece is available; such an algorithm is an algorithm that is asymptotically optimal; i.e., has performance ratio one.
In Section 2, we present our Modified Harmonic Algorithm, and describe the packings produced. In (it/) contains \py\ /"-pieces for some p, 6 < p < k -2, (t/) contains an Ix -piece, and \py\ /"-pieces for some p, 6 < p < k -2, (t/i) contains at least one, and at most |py\ -1 Ip -pieces for some p, 6 < p < k -2, or (w'i) contains an I x -piece together with at least one, and at most \py\ -1 / , -pieces for
Moreover, if there is a bin as in (i), then there can be no bins as in (ii), (it/), or (t/i). Also, for each p, 6 < p < k -2, the number of bins as in (t/i) plus the number of bins as in (t/ii) is
at most one.
When we say harmonic pack (//, , /,), where p, is an /y -piece, 2 < ; < k, we mean:
if there exists a nonempty bin of type Bj containing fewer than j Ij -pieces then pack p, in that bin else pack p,-in an empty bin of type Bj.
We now give a precise statement of our algorithm. 
Modifled Harmonic Algorithm

Analysis o f th e Algorithm
In 
M H (L)< W (L)+ 2k -7 , and show in Lemma 2 that H W < ( f + i + s -J o w V ) .
Combining these results gives us the following bound on our algorithm's performance:
Rmh <
In Lemma 3, we prove that this bound is essentially tight. The results of these three lemmas are 10-combined to give Theorem 1.
Lemma 1. For any list L, MH(L) < W (L) + 2k -7 .
P roof. Let bx and F2 be the number of bins of type Ex and &2, respectively, and let bj be the number of bins of type Bj, 1 < j < k. It is clear that
MH(L)=*Vi + b2 + j=i
Let W1 and W2 be the sum of the weights of all the Tx-pieces and T2-pieces, respectively, and let Wj be the sum of the weights of all the Ij -pieces, 1 < j < k. It is clear that 
W (L )= Wx + W2 + j^W j.
= 1
It is easy to see that we have constructed the weighting functions in such a way that each bin (except possibly the last one) of type E lt E2, BA , B$, or
Summing all the inequalities for Case 2, we get
Lemma 2. Consider the weighting functions specified in Table I for a > 0 and a =* 0. Let y -265 6 8 4 ' k = 38, m2 = 9, m3 -12, and mp = ^ for 6 < p < k -2 (see Table II 
222'
The proof is done by cases, depending on the sizes of some of the largest pieces in B. Tables III and   IV summarize To determine an upper bound on u;(5), we find it useful to compute upper bounds on for 8 each possible piece size 8 (see Table II ). In particular, we shall make use of the fact that ¿ » w < j=i j=i * r ) By choosing appropriate shelf heights, we can obtain a performance ratio arbitrarily close to Rmu. We can also devise an on-line algorithm for the problem of packing rectangles in finite two-dimensional bins discussed in [CGJ82J. We believe that our on-line algorithm for this problem will have a performance ratio Rmh2-These will be discussed in more detail in [R84|.
13-
